In this paper, two classes of techniques, based on multiple scales perturbation analysis and the averaged energy (or Lyapunov function) method, are employed to investigate interesting nonlinear dynamical regimes in a system of coupled Rayleigh-Van der Pol oscillators with time-delayed displacement and velocity feedback. Such systems are currently of topical interest in many applications. The multiple scales Gizem S. Oztepe, S. Roy Choudhury and Ashish Bhatt 32 analysis is employed to derive a normal form or reduced system for our delayed-coupled oscillators in the vicinity of points of Hopf bifurcation. Detailed analysis of this normal form for various parameter sets reveals periodic dynamics in various post-supercritical Hopf bifurcation regimes, and aperiodic behavior in other postsubcritical Hopf domains. The averaged energy or 'Lyapunov' function is constructed next for our oscillators. Although this approach sometimes allows an alternative treatment of the Hopf bifurcation that proves to be difficult in our case. However, parameter regimes where our coupled oscillators may exhibit amplitude death or quenching are comprehensively treated within this second approach.
Introduction
Many studies of time-delayed systems and their applications have appeared in recent years [1] [2] [3] [4] [5] [6] . Among them are treatments of the oftenemployed and effective technique for controlling chaos using delayed statespace feedback (see for instance, [7, 8] ).
Whether the delay be in the displacement, velocity, or other physical(state) variables, time-delayed systems are characterized by delay differential equations (DDEs). While some aspects of their dynamics can be studied using techniques similar to those employed for ODE systems, various other aspects may be very different. For instance, unlike the case of ODEs, uniqueness of the solution of an autonomous DDE system does not necessarily preclude the intersection of solution trajectories. The state(or phase)-space of a DDE system is also infinite-dimensional, and the characteristic equation for stability analysis thus has an infinite number of roots, thereby making the analysis of the dynamics significantly more complex than for ODE systems.
It is also well-known by now [9] [10] [11] [12] [13] [14] that DDE systems may admit rich dynamics, including Hopf bifurcations and chaotic motion. However, rough and ready techniques such as neglect of time delays, or Taylor series expansions based on delays much smaller than the lowest system vibration periods may lead to incorrect conclusions [1] regarding the system solutions and dynamics.
Given the above features and difficulties for DDE systems, significant efforts have been made to reduce them to finite-dimensional systems. Among such simplification techniques, center manifold analysis has been widely used [1, 2] for deriving normal forms and describing the dynamics near Hopf bifurcations for instance. However, the computations involved are fairly involved, and only partly algorithmic with various judgement calls required during the process of system reduction. By contrast, singular perturbation methods [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] are algorithmic and relatively straightforward, and the resulting simplified system or normal form is easily amenable to analysis [25] [26] [27] .
An alternative, somewhat more recent approach, is the 'energy analysis' or 'pseudo-oscillator analysis' [28] [29] [30] [31] which has proven as straightforward as, and often provided results complementary to, singular perturbation techniques.
In light of the above discussion, in this paper, we consider the dynamics of two coupled Rayleigh-Van der Pol oscillators with delay-dependent displacement and velocity feedback terms employing both of the more efficient approaches, viz. singular perturbation and energy analysis in order to reveal various types of dynamics in the system. The coupled, delayed Rayleigh-Van der Pol system considered here is
The remainder of this paper is organized as follows: In Subsection 2.1, we perform a multiple scales singular perturbation analysis on the system to derive the normal form or simplified system in the vicinity of points of Hopf Gizem S. Oztepe, S. Roy Choudhury and Ashish Bhatt 34 bifurcation. The resulting system is difficult to analyze in general. However, an analytical solution is possible in the absence of delay, and a perturbative solution is first attempted around that. This proves to be either inconsistent or non-uniform in general, and hence we consider full numerical solutions of our normal form in the following Subsection 2.2. Both supercritical and subcritical Hopf bifurcations are found in different parameter regimes corresponding to distinct Hopf bifurcation points, there being an infinite number of these as is typical of DDE systems. The dynamics around both types of bifurcation points is illustrated numerically for some typical examples.
We then change gears in Section 3 and develop the averaged energy functional on which the energy analysis is based. In principle, an alternative approach to Hopf bifurcations is sometimes possible via this approach. This turns out to be impossible for our system in general. However, we are able to comprehensively treat the parameter ranges or domains where our coupled, delayed Rayleigh-Van der Pol system exhibits amplitude quenching or death. Section 4 briefly reviews the results and conclusions of the paper.
The Multiple Scales Analysis for Hopf Bifurcations

Derivation and perturbative analysis of the normal form
To analyze the Hopf bifurcation in our coupled Rayleigh-Van der Pol oscillator with delay (1), we use the method of multiple scales. First, we rewrite equation (1) as
For simplicity, we assume a two scale expansion of the solution ( ) 
and use the following differential operators:
Substituting equations (4)-(6) into equations (2) and (3), respectively, we obtain the following partial differential equations at various powers of ε:
and ( ):
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Solving equations (7) and (8) for ( ) 
where A and B are complex conjugates of A and B, respectively. Note that these yield the periodic solutions for the physical (or state) variables u and v in the vicinity of points of Hopf bifurcation in system (1).
Substituting (11) into equations (9) and (10) and eliminating the secular terms yields our simplified system or normal form around the Hopf bifurcation points,
Nontrivial fixed points of the system (12)- (13) correspond to the amplitude of the periodic orbits near the Hopf bifurcation and given by (11) , while the stability of these points indicates the stability of these periodic orbits. Since analytic solutions for the fixed points are difficult to find in general, we observe that system (12)- (13) (12) and (13) 
From the last two equations, we find , B A = and
A perturbation solution for the fixed points of (12)- (13) for τ small and σ near -1 (perturbing around this ( ) ( )
value) was first attempted.
However, as detailed in Appendix A, it turns out to be inconsistent or nonuniform. Hence, we next consider full numeric solutions of (12)- (13) in the next subsection in order to complete our analysis of the dynamics resulting from Hopf bifurcations in (1).
Numerical results
We use the real form of equations (12) and (13) (15) which is near to the fixed point ( ).
If we solve the system (A.2)-(A.5) with the initial condition (15) and plot the solution ( ), 
The initial condition (16) is near to the fixed point ( ).
If we solve the system (A.2)-(A.5) with the initial condition (16) and plot the solution 
The initial condition (17) is near to the fixed point ( ). 
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The initial condition (18) 
The 
The initial condition (20) is near to the fixed point ( ).
If we solve the system (A.2)-(A.5) with the initial condition (20) and plot the solution 
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The initial condition (21) is near to the fixed point ( ). 
The initial condition (22) is near to the fixed point ( ). 
The initial condition (23) is near to the fixed point ( ). 
The Energy Analysis
In [28] , Wang and Hu provided a comprehensive analysis and procedure for investigating the local dynamics near a Hopf bifurcation in delay systems, including the stability of the trivial equilibrium and the bifurcating periodic solutions, using the change of the total energy function. The key idea in their method is that for the systems of concern, the total power can be estimated along an approximated solution with harmonic entries, this being the main part of the solution near the Hopf bifurcation.
They demonstrated that their method, which term "energy analysis", features a clear physical intuition and easy computation compared with the methods such as the center manifold reduction.
In order to apply this energy method to our system (1) (24) Assume that E is the total energy function of (24), so we can write
where
and the averaged power function ( )
On the other hand, it is easy to see that ( ) 
Now, by using Theorem 1, for small ε and small , r the amplitude death occurs if
. 0 In [28] , it is proved that partial amplitude death occurs if at least one averaged partial power is negative definite for small r and the other averaged partial powers are positive definite. Let us consider partial amplitude death for the system (1). The averaged total and partial powers along ( ) ( Hopf bifurcation regimes were treated using the multiple scales technique in conjunction with numerical simulations, and revealed both periodic oscillations in post-supercritical Hopf regimes as well as aperiodic dynamics in post-subcritical Hopf domains. In principle, the energy analysis provides an alternative approach to treating the Hopf bifurcation. This proved somewhat difficult for our system since it lacks obvious symmetries that might lock the variables into synchronized in-phase or out-of-phase states. However, this averaged energy approach allowed us to comprehensively treat regimes of amplitude quenching or death in our system.
Future work will seek to analyze more complex bifurcations in such delayed-coupled oscillator systems. A novel approach to consider cases where periods of the system tend to infinity leading to a global homoclinic bifurcation are currently being investigated.
Appendix A: Perturbation Analysis of Fixed Points of the Normal Form (12)-(13)
First of all, note that we can rewrite equations (12) and (13) in real form by considering 21 b cannot be found consistently for any choice of the detuning power ν except when later terms become comparable in magnitude to earlier ones. So this perturbation expansion is either inconsistent or non-uniform, and so is not useful.
